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KA¨HLER-RICCI SOLITONS ON HOROSPHERICAL MANIFOLDS
F. DELGOVE
Abstract. In this paper we prove there exists a Ka¨hler–Ricci soliton on any
smooth Fano horospherical manifold by restricting the Monge-Ampe`re equa-
tion of Ka¨hler-Ricci soliton to a real Monge-Ampe`re equation and by using the
continuity method. Finally, we compute the lower Ricci Bound in this case.
We give a geometric interpretation related to the barycenter of the polytope
moment associated to the horospherical manifold.
Keywords: Ka¨hler–Ricci soliton, Horospherical manifold, Monge–Ampe`re
equation, continuity method.
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1. Introduction
The founding paper on the Ka¨hler-Ricci solitons is Hamilton’s article [Ham88].
They are natural generalizations of Ka¨hler-Einstein metrics and appear as fixed
points of the Ka¨hler-Ricci flow. On a Fano compact Ka¨hler manifold M , a Ka¨hler
metric g is a Ka¨hler-Ricci soliton if its Ka¨hler form ωg satisfies :
Ric(ωg)− ωg = LXωg,
where Ric(ωg) is the Ricci form of g and LXωg is the Lie derivative of ωg along
a holomorphic vector field X on M . Usually, we denote the Ka¨hler-Ricci soliton
by the pair (g,X) and X is called the solitonic vector field. We immediately note
that if X = 0 then g is a Ka¨hler-Einstein metric. When X 6= 0, we say that the
Ka¨hler-Ricci soliton is non-trivial.
The first study of the solitonic vector field X was done in the paper [TZ00,
TZ02]. Thanks to the Futaki function, the authors discovered an obstruction to
the existence of Ka¨hler-Ricci soliton and proved thatX is in the center of a reductive
Lie subalgebra ηr(M) of the space η(M) of all holomorphic vector fields. This study
also gives us a uniqueness result about Ka¨hler-Ricci soliton (theorem 0.1 in [TZ00]).
Subsequently, the study was developped by Wang and Zhu in [WZ04] where they
show the existence of Ka¨hler-Ricci solitons on toric manifolds using the continuity
method. This work was supplemented by a study of the Ricci flow by Zhu in
[Zhu12] on the toric manifold which showed that the Ka¨hler-Ricci flow converges to
the Ka¨hler-Ricci soliton of the toric variety. The result about existence of Ka¨hler-
Ricci solitons has been extended to cases of toric fibrations by Podesta and Spiro in
[PS10]. Recently, the result concerning the convergence of the Ricci flow has been
also extended in [Hua17].
In 2015, Delcroix used the approach of Zhu and Wang in the case of Ka¨hler-
Einstein metrics on some compactifications of reductive groups. In his paper
[Del15], the main result is a necessary and sufficient condition for the existence
of a Ka¨hler-Einstein metric in some group compactifications. The condition is that
the barycenter of the polytope associated to the group compactification must lie
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in a particular subset of the polytope. The first tool used in his proof is a study
of the (K ×K)-invariant functions (for the KAK decomposition), in particular he
computes the complex Hessian of a (K × K)-invariant function. The second tool
is an estimate of the convex potential associated to a K ×K-invariant metric on
ample line bundles. Then he proves the main result by reducing the problem to a
real Monge-Ampe`re equation and by obtaining C0 estimates along the continuity
method. In our paper, we extend this approach to smooth horospherical manifolds
in the following way.
Theorem 1.1. Assume that M is a Fano horospherical manifold. There exits a
Ka¨hler-Ricci soliton (X, g) on M .
This result was already proved in [Del16] in a more general case. But in our
paper, we focus on the case of smooth horospherical varieties and give a direct
proof in this case. In order to prove this, we don’t use the K-stability (as in
[Del16]) and we prefer to use analytic methods such as the continuity method. As
first step, we compute the Futaki invariant and use the results of [TZ02] in order to
get the expression of the solitonic vector field. As a second step, we compute the
Monge-Ampe`re solitonic equation in the horospherical case and use the continuity
method to conclude as in the toric case following the approach of [WZ04].
An important corollary that comes directly from the article [Pas09] is that there
exist horospherical varieties which admit a non-trivial Ka¨hler-Ricci soliton and
therefore do not admit Ka¨hler-Einstein metrics. Indeed, Matsushima theorem says
that if the Fano variety has a non reductive group of automormphisms then it
does not admit Ka¨hler-Einstein metrics. In [Pas09], Pasquier shows that there
exists infinitely many horospherical varieties whose group of automorphisms is non
reductive, so by using the previous theorem, the only possibility is that the soliton
must be non trivial. This is summarized in the following corollary.
Corollary 1.2. There exists infinetely many horospherical manifolds admitting a
non trivial Ka¨hler-Ricci soliton.
Moreover, following the approach of [Del15], we compute the greatest Ricci lower
bound R(M) in the horospherical case. The latter was introduced in [Sze11] in
order to measure the default to ” being of Ka¨hler-Einstein” for a Fano manifold.
We give a geometric interpretation related to the moment polytope associated with
the horospheric variety. More precisely, we will show the following result.
Theorem 1.3. Assume that M is a smooth horospherical manifold with associated
horospherical homogeneous space G/H such that H contains the opposite Borel sub-
group B− of G. Let us denote by P = NG(H) and by ∆+ the moment polytope with
respect to B of M . Moreover, assume that 2ρP 6= BarDH(∆+) where BarDH(∆+)
is the barycenter of the polytope ∆+ for the Duistermaat-Heckman measure. Then
R(M) is the unique t ∈ ]0, 1[ such that
t
t− 1(BarDH(∆
+) + 2 ρP ) ∈ ∂
(
∆+ + 2 ρP
)
.
Acknowledgements . The author would like to thank T. Delcroix for helpful dis-
cusions about horospherical varieties and F. Paulin for his help for the redaction
of this paper. This paper is extracted from the PhD thesis of the author realized
under the supervision of N. Pali.
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2. Horospherical Varieties
In this section, we give some reminders on the theory of algebraic groups and on
horospherical varieties. A good reference for the group theory part is [Spr98]. For
the notion of horospherical variety, we refer to [Pas09, Tim11].
2.1. Reductive group. Let G be a reductive connected linear complex algebraic
group. We denote g its Lie algebra. If K is a maximum compact subgroup of G
with Lie algebra k then
g = k⊕ Jk,
where J is the complex structure of g. Fix a maximum torus of T of a Borel
subgroup B of G. Denote by Φ ⊂ X(T ) the root system of (G, T ) where X(T ) is
the group of algebraic characters of T . We have the root decomposition:
g = t⊕
⊕
α∈Φ
gα
where for any α ∈ X(T ), gα := {x ∈ g : ∀h ∈ t ad(h)(x) = α(h)x, }, so that gα is
a complex line if and only if α ∈ Φ.
Let Φ+ := Φ+(B) be the set of positive roots (associated with B) so that the Lie
algebra b of B satisfies
b = t⊕
⊕
α∈Φ+
gα.
We then define the negative roots Φ− := Φ−(B) = −Φ+ of Φ associated with
B so that Φ = Φ+ ⊔ Φ−. Let B− be the unique Borel subgroup of G called the
opposite Borel subgroup of B with respect to T verifying B ∩ B− = T . Note that
Φ+(B−) = Φ−(B).
Denote by Σ the set of simple roots as the set of roots in Φ+ that cannot be
written as the sum of two elements of Φ+. For any subset I of Σ, if we give a subset
I, let ΦI be the subset of Φ generated by the roots contained in I. The parabolic
group containing B with respect to I, denoted by P := PI is the connected closed
subgroup of G whose Lie algebra is
p = t⊕
⊕
α∈Φ+∪ΦI
gα.
Let ΦP := Φ
+ ∪ ΦI . The parabolic subgroup opposed to P , denoted by Q := QI ,
is the parabolic subgroup associated with I for the Borel subgroup B− i.e. the
connected closed Lie subgroup with Lie algebra
q = t⊕
⊕
α∈Φ−∪ΦI
gα.
Moreover L = P ∩Q is a Levi subgroup of P . Let Φ+P be the set of roots that are
not in ΦQ = Φ
− ∪ΦI so that Φ+P ⊔ΦQ = Φ. Note that Φ+P is the set of roots of the
unipotent radical U of P , that Φ = Φ+P ⊔ ΦI ⊔ Φ+Q, and that Φ+Q = −Φ+P . Finally,
we define
2ρP :=
∑
α∈Φ+
P
α.
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2.2. Horospherical subgroups and homogeneous horospherical spaces. If
H a closed connected algebraic subgroup of G, then H is said to be a horospherical
subgroup of G if H contains the unipotent radical U of a Borel subgroup B. We
can build horospherical subgroups using parabolic subgroups. Let NG(H) := {g ∈
G : gHg−1 = H} be the normalizer of H in G.
Proposition 2.1 ([Pas06]). Let H be a horospherical subgroup of G. Then P :=
NG(H) is a parabolic subgroup of G containing the Borel subgroup B, and the
quotient P/H = T/T ∩ H is a torus. Conversely, if H is a connected closed
algebraic subgroup of G such that NG(H) is a parabolic subgroup P of G and P/H
is a torus, then H is horospherical. The fibration
G/H −→ G/P.
is a torus fibration over a generalized flags manifold with fiber egal to P/H.
We obtain the following decomposition of the Lie algebra h of H :
h = t0 ⊕
⊕
α∈ΦP
gα, where t0 = t ∩ h.
If H is a horospherical subgroup of G, then G/H is called a homogeneous horo-
spherical space. On G/H , the normalizer P := NG(H) acts by right multiplication
by the inverse and H is included in P and acts trivially. We define an action of
G× P/H on G/H by
(g, pH) · xH = gxp−1H.
Note that the isotropy group of eH is {(p, pH) ∈ G× P/H : p ∈ P}. This group
is called diag(P ) and is isomorphic to P by the first projection.
2.3. Character groups and one parameter subgroup. We denote a = t ∩ Jk.
We have an identification between a and N(T ) ⊗Z R, where N(T ) is the group of
algebraic one-parameter subgroups λ : C× → T of T given by the derivative at point
1 of the restriction of λ to R+∗ . Since, as T ∩H is a subtorus of T then N(T ∩H)
defines a sublattice of N(T ) corresponding to the one parameter subgroups have
values in T ∩H . With a0 = N(T ∩H)⊗Z R, we have t0 = a0 ⊕ Ja0.
Recall that the Killing form κ of g defines a scalar product (·, ·) on a ∩ [g, g]. In
addition, κ is egal to zero on z(g). Thus we can define a global scalar product a by
taking a scalar product invariant by the Weyl group W on a ∩ Z(g) and assuming
thaht a ∩ z(g) and a ∩ [g, g] are orthogonal. Let a1 be the orthogonal of a0 for the
scalar product (·, ·) and so that t = a0 ⊕ a1 ⊕ Ja0 ⊕ Ja1 and p/h ≃ a1 ⊕ Ja1.
Finally, we recall that there is a natural pairing 〈·, ·〉 between N(T ) and X(T )
defined by χ ◦ λ(z) = z〈λ,χ〉 for all λ ∈ N(T ), χ ∈ X(T ) and z ∈ C×. In addition,
the natural pairing between Λ = X(T )⊗ZR and N(T )⊗ZR obtained by R-linearity
can be seen as 〈χ, a〉 = lnχ(exp a) for all χ ∈ X(T ) and a ∈ a ≃ N(T )⊗Z R. Since
(·, ·) is a scalar product, for χ ∈ X(T ), we denote tχ the unique element of a such
that
(1) ∀a ∈ a, (tχ, a) = 〈χ, a〉.
For every α ∈ Φ, let eα the generator of the complex line gα such that [eα, e−α] = tα.
Let’s end this section by recalling the polar decomposition.
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Proposition 2.2 ([Del16]). The image of a1 in G under the exponential is a fun-
demental domain for the action of K ×H on G, where K acts by multiplication on
the left and H by multiplication on the right by the inverse. As a consequence, the
set {exp(a)H : a ∈ a1} is a fundamental domain for the action of K on G/H.
2.4. Horospherical variety. Recall that a complex algebraic G-variety is a re-
duced finite type scheme over C with an algebraic action of G. A normal complex
algebraic G-variety X will be said to be G-spherical if it admits an open and dense
B-orbit. Note that X is then connected. A G-spherical variety X will be called
horospherical if the stabilizer H in G of a point x in the open and dense B-orbit
is horospherical. We then will say that (X, x) is a horospherical embedding. In
particular, X has G/H as a dense open set. Two horospherical embeddings (X, x)
and (X ′, x′) are isomorphic if there is an G-equivariant isomorphism from X to
X ′ sending x to x′. In this paper, we will assume that X is smooth. Thanks to the
GAGA theorems (see [Ser56]), the variety X is therefore a Fano projective complex
manifold and in particular X is a connected compact Fano Ka¨hler manifold for the
metric induced by the Fubini-Study metric of the projective space.
We fix a homogeneous horospherical space G/H . Recall that there is a unique
element α∨ ∈ X(T )∗ ≃ N(T ) such as 〈α, α∨〉 = 2. With our previous notations, we
have α∨ = 2‖tα‖2 tα. Define aα ∈ Z by aα = 〈2ρP , α∨〉 and Weyl’s dominant closed
chamber C by
C = {χ ∈ Λ : 〈χ, α∨〉 ≥ 0 ∀α ∈ Φ+}.
and the open dominant Weyl chamber as the interior of the closed dominant Weyl
chamber. The semigroup of dominant weights is defined by Λ+ := X(T ) ∩ C.
We have the following definition introduced in [Pas06].
Definition 2.3. Let G/H be a homogeneous horospherical space. A convex polytope
Q of a ≃ N(T ) ⊗Z R is said to be G/H-reflective if we have the following three
conditions:
(1) Q has its vertices in N(T )∪
{
α∨
aα
: α ∈ Φ+P
}
and contains 0 in its interior,
(2) the dual polytope Q∗ has its vertices in X(T ),
(3) for all α ∈ Φ+P , we have
α∨
aα
∈ Q.
The moment polytope ∆+ ⊂ Λ with respect to the Borel subgroup B of the
horospherical manifold X as the Kirwan’s moment polytope of the Ka¨hler manifold
(X,ω) for the action of a maximum compact subgroup K of G, where ω is a
K-invariant Ka¨hler form in 2π c1(X) (see [Bri87, KMoOG84] for more details).
Another way is through representation theory. Let L be an ample G-linearized
line bundle of a G-spherical variety X . Denote by Vλ an irreducible representation
of G of higher weight λ ∈ X(T ) with respect to the Borel subgroup B. Since
X is G-spherical, for every r ∈ N, there exits a finite set ∆r ⊂ X(T ) such that
H0(X,Lr) = ⊕λ∈∆rVλ. The moment polytope ∆+ with respect to B is the closure
of ∪r∈N∆rr in X(T ) ⊗Z R ( [Bri87, Bri89] for more details). We then have the
following result.
Proposition 2.4 ([Pas06]). Let G/H be a homogeneous horospherical space. There
exists a bijection between Fano horospherical embedding of G/H and the set of G/H-
reflective polytopes in a. In addition, the polytope 2ρP +Q
∗ is the moment polytope
with respect the Borel subgroup B of the horospherical embedding. The assumption
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(3) of the definition 2.3 is then equivalent to the fact that ∆+ = 2ρP+Q
∗ is included
in C. In particular, we see that 0 ∈ Int(Q∗) and that therefore 2ρP ∈ Int(∆+).
We fix a horospherical embedding (X, x) of G/H and we denote P := NG(H).
By taking the restriction to the open B-orbit, we have an isomorphism between the
G-equivariants automorphisms of X and those of G/H :
(2) AutG(X) ≃ AutG(G/H) ≃ P/H.
We can consult [Kno91] which deals with the problem in the more general context
of spherical varieties.
2.5. Associated linearized line bundle. In this section, we introduce associated
linearize line bundle over homogeneous horospherical space. They are introducted
firstly by Delcroix in [Del16]. Let H be horospherical subgroup of G and P =
NG(H).
Definition 2.5. A line bundle Π : L→ G/H is (G×P/H)-linearized if there exists
an action Θ : (G× P/H)× L→ L noted (x, y) 7→ Θx(y) such that
• Π : L→M is a (G× P/H)-equivariant morphism,
• the application induced by the action of Θ(e,pH) between the fibers is linear.
Note that to any (G×P/H)-linearized line bundle, we can associate a character
of P . Indeed, for any p ∈ P , the action of (p, pH) ∈ diag(P ) is trivial on the trivial
class in G/H . Thus, Θ(p,pH) induces a linear isomorphism between LeH and LeH
and therefore a linear representation of dimension 1 of diag(P ) ≃ P i.e. there is a
character χ ∈ X(P ) such that
(3) (p, ph) · ξ = χ(p)ξ, ∀ξ ∈ LeH .
Let us consider the projection π : G −→ G/H . We can define the pulled-back
line bundle π∗L over G. In addition, since π is G-equivariant, the line bundle π∗L
admits a G-linearization. In particular, we define a global section s on π∗L by
chosing an element s(e) ∈ (π∗L)e and setting
(4) s : g ∈ G 7→ g · s(e) ∈ (π∗L)g.
Now let us consider the inclusion ι : P/H −→ G/H . We can define the restriction
ι∗L of the line bundle L. In addition, since ι is equivariant for the action of P×P/H ,
we obtain that ι∗L is a (P × P/H)-linearized bundle. Two global sections of ι∗L
can also be defined:
sr : pH ∈ P/H 7→ (p, eH) · s′(e),(5)
sl : pH ∈ P/H 7→ (e, p−1H) · s′(e),(6)
where the element s′(e) ∈ (ι∗L)e is such that s′(e) and s(e) are mapped to the same
element of LeH by the canonical applications π
∗L → L and ι∗L → L. Note that
these sections are linked by the formula:
∀p ∈ P, sr(pH) = χ(p)sl(pH).
We have the following commutative diagram
π∗L //

L

ι∗Loo

G
s
AA
pi
// G/H P/H
sr
]]
sl
AA
ι
oo
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Given a Hermitian metric q on a complex line bundle L over a complex manifold
M and a local trivialisation s of L over an open subset U of X , we define the local
potential of q with respect to s by ϕ : x ∈ U 7→ − ln ax where ax = |s(x)|2q . We
can associate, to any Hermitian metric q, a (1, 1)-form ωq called the curvature of q
by ωq|U =
√−1∂∂ϕ where ϕ is the local potential. One checks that ωq|U does not
depend on the trivialisation and therefore defines a (1, 1)-global form. In addition,
one can prove that ωq ∈ 2π c1(L). We will also say that L has positive curvature if
there is a metric q such that ωq is a Ka¨hler form. Fix a reference Hermitian metric
q0 on L and for any Hermitian metric q, we define a smooth function ψ on X , called
the global potential of q with respect to q0 by
∀x ∈ X, ∀ξ ∈ Lx, |ξ|2q = e−ψ(x)|ξ|2q0 .
By definition of the (1, 1)-forms ωq and ωq0 and by computing in local charts, we
see that the function ψ satisfies the following relation:
ωq0 = ωq +
√−1 ∂∂ ψ.
We refer to [Dem] for more details.
Let G/H be a homogeneous horospherical space, L a (G× P/H)-linearized line
bundle overG/H and q a HermitianK- invariant metric on L. We can then consider
the Hermitian metric π∗q on π∗L and define the local potential φ (which is actually
defined on the whole G) with respect to the section s of equation (4) :
φ : g ∈ G 7→ −2 ln |s(g)|pi∗q ∈ R.
We also define the potential u : a1 → R associated with ι∗L:
(7) u : x ∈ a1 7→ −2 ln |sr(exp(x)H)|ι∗q ∈ R.
We have the following relation between these two potentials, using the character χ
defined in equation (3).
Proposition 2.6 ([Del16]). For all k ∈ K, x ∈ a1 and h ∈ H, we have
φ(k exp(x)h) = u(x)− 2 ln |χ(exp(x)h)|.
2.6. Curvature in horospherical case. Let us now, we recall Delcroix’s com-
putation of the curvature of a Hermitian metric on a line bundle over G/H in an
adapted basis. The first step is to define this basis. For this, we identify the tangent
space of G/H at eH with g/h ≃ ⊕α∈Φ+
P
Ce−α ⊕ a1 ⊕ Ja1. We get a complex basis
of the tangent space TeH(G/H) as the concatenation of a real basis (li)1≤i≤i≤r of
a1 with (e−α)α∈Φ+
P
. On P/H , we can define for ξ ∈ TeH(G/H) the holomorphic
vector field:
(8) Rξ : pH 7→ (H, p−1H) · ξ.
We then have a complex basis of T 1,0(P/H) given (Rlj−
√−1JRlj)/2 for 1 ≤ j ≤ r
and (Re−α −
√−1JRe−α)/2 for all α ∈ Φ+P , and we note by (γj)1≤j≤r · (γα)α∈Φ+
P
the dual basis.
Theorem 2.7 ([Del16]). Let ω be the curvature (1, 1)-form of K-invariant Hermit-
ian metric q on a (G×P/H)-linearized line bundle L over G/H, whose associated
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character is denoted by χ. The form ω is determined by its restriction to P/H,
given for any x ∈ a1 by
ωexp(x)H =
∑
1≤j1,j2≤r
1
4
∂2u
∂lj1∂lj2
(x)
√−1 γj1 ∧γj2+
∑
α∈Φ+
P
〈α, 1
2
∇u(x)− tχ〉
√−1 γα∧γα
where ∇u(x) ∈ a1 is the gradient of the function u defined by equation (7) for the
scalar product (·, ·). In addition, with MAR(u) = det(Hess(u)),
ωnexp(x)H =
MAR(u)(x)
4r2Card(Φ
+
P )
∏
α∈Φ+
P
〈α,∇u(x) + 4tχ〉Ω,
where n is the dimension of G/H and
Ω :=
( ∧
1≤j≤r
γj ∧ γj
)
∧
( ∧
α∈Φ+
P
γα ∧ γα
)
.
Moreover, by choosing s(e) appropriately, with sr(e) defined in equation (5), we
have
(9) ωnexp(x)H =
MAR(u)(x)
4r2Card(Φ
+
P )
∏
α∈Φ+
P
〈α,∇u(x) + 4tχ〉s−1r ∧ sr−1.
In order to explain the choice of s(e), let
S :=
( ∧
1≤j≤r
γi
)
∧
( ∧
α∈Φ+
P
γα
)
,
which therefore defines a section of the line bundle ι∗KG/H where KG/H is the
canonical line bundle of G/H . In particular, we have S|eH ∈ (ι∗K)eH , and using
the following isomorphisms
(KP/H)eH ≃ (ι∗KG/H)eH ≃ (KG/H)eH ≃ (π∗KG/H)eH ,
we denote via these isomorphisms s(e) := S|eH . We then obtain, by the definition
of Ω and sr (equations (8) and (5)), that
∀x ∈ a1, sr(exp(x)H) = S|exp(x)H ,
and we can conclude. We will constantly use this choice afterwards.
In this section, we consider a horospherical manifold with reductive group G
and horospherical subgroup H . Note P = NG(H) the normalizer of H in G.
Recall that P is a parabolic subgroup and that there is another parabolic subgroup
Q such that there is a Levi subgroup L such that P ∩ Q = L.From now, we
consider that the parabolic subgroup P contains the opposite Borel subgroup B−
i.e. Φ+P = Φ
−\ΦL = −(Φ+\ΦL). Recall that we introduced the moment polytope
∆+ of X with respect to the Borel subgroup B. Now, we define
(10) ∆ := −2ρP −∆+ where ρP =
∑
α∈Φ+
P
α
and the support function v2∆ by
(11) v2∆ : x ∈ 2∆ 7→ sup
p∈2∆
(x, p) ∈ R
This function satisfies the following properties:
• ∀x ∈ a∗1, ∀α ∈ R+∗ , v(αx) = αv(x)
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• ∀(x, y) ∈ (a∗1)2, v(x+ y) ≤ v(x) + v(y)
• ∀x ∈ a∗1, v(x) ≤ d ‖x‖ where d = supp∈2∆ ‖p‖ and ‖ · ‖ the euclidian norm
on a1 (for any basis of a1) .
In addition, if x ∈ a∗1 is such that ‖x‖ = 1, then 2∆ is contained in the half-space
{y ∈ a∗1 : (x, y) ≤ v2∆(x)} and at least one point of 2∆ is in the border of this
half-space i.e. in {y ∈ a∗1 : (x, y) = v2∆(x)}.
Proposition 2.8 ([Del16]). Let q be K-invariant Hermitian metric with positive
curvature on the line bundle K−1X and let u : a1 → R be the convex potential defined
by equation (7). Then u is a smooth and strictly convex function such that the
application du : x 7→ dxu ∈ a∗1 verifies im(du) = 2∆ and the function u − v2∆ is
bounded on a1. In particular, the polytope 2∆ is independent of the chosen metric
q.
Since 2ρQ = −2ρP belongs to Int(∆+) by proposition 2.4, we have
(12) 0 ∈ Int(∆).
Recall that ∆+ ⊂ C, where C is the Weyl chamber for the Borel subgroup B (see
proposition 2.4). Thus
∀α ∈ Φ+(B), ∀p ∈ ∆+, 〈p, α∨〉 ≥ 0.
The latter can still be written
∀α ∈ Φ+(B), ∀p ∈ ∆+, (p, α) ≥ 0.
Since Φ+P ⊂ Φ+(B−) = −Φ+(B), we then have
∀α ∈ Φ+P , ∀p ∈ −∆+, (p, α) ≥ 0.
Hence by compactness of ∆+, there exists f > 0 such that
(13) ∀α ∈ Φ+P , ∀p ∈ −∆+, 0 ≤ (α, p) ≤ f.
We end this section with the notion of the barycenter of a polytope. We consider a
probability measure ν on the polytope ∆+. For any endomorphism f ∈ L(a∗1, a∗1),
we then consider the map∫
∆+
fdν : z ∈ a1 7→
∫
x∈∆+
〈f(x), z〉 dν(x) ∈ R.
It follows directly from the definition that
∫
∆+
fdν ∈ a∗1. Taking the identity as
application f , we call
∫
∆+ x dν the barycenter of the polytope ∆
+ for the measure ν
and we note it Bardν(∆
+). If ν is finite and not zero measure on ∆+ then we define
the barycenter for the measure νV where V is the volume of ∆
+ for the measure ν.
For the following, we define the Duistermaat-Heckman measure µDH on the
polytope moment ∆+ as the measure with the density p 7→ ∏α∈Φ+
Q
(α, p), with re-
spect to Lebesgue measure on ∆+. We will then denote BarDH(∆
+) the barycenter
of ∆+ for the Duistermaat-Heckman measure.
3. Existence of Ka¨hler-Ricci solitons in the horospherical case
Let us fox a connected Fano Ka¨hler manifold M . Let us recall (see for instance
[Gau] for detail on real and complex vector fields) that the group of complex auto-
morphisms Aut(M) of M is a finite dimensional Lie group whose Lie algebra is the
set of holomorphic real vector fields denoted ηR(M) (see theorem 1.1 in chapter 3 of
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[Kob12]). If K is a maximum compact subgroup of the connected identity compo-
nent Aut◦(M) of the holomorphic automorphisms group Aut(M) of the manifold
M , then we have, see [Fuj78], that
Aut◦(M) = Autr(M)⋉Ru,
where Autr(M) is a reductive subgroup of Aut
◦(M) and the complexification of K
and Ru the unipotent radical of Aut
◦(M). In addition, if we note ηR(M), ηRr (M),
ηRu (M) and k the Lie algebras of Aut(M),Autr(M), Ru and K respectively, then
we have
ηR(M) = ηRr (M)⊕ ηRu (M).
Recall that ηR(M) is the set of holomorphic real vector fields i.e. X ∈ ηR(M) if
and only if it checks LXω=0. Moreover, if we denote η(M) the Lie algebra of the
complex holomorphic vector fields i.e. the holomorphic sections of the complex
vector bundle T 1,0J M then there is an isomorphism between η
R(M) and η(M) given
by X 7→ X1,0. If we denote ηr(M) and ηu(M) the image of ηRr (M) and ηRu (M)
respectively by the previous isomorphism, we then obtain a decomposition
η(M) = ηr(M)⊕ ηu(M).
Assume that (M,x) is a horospherical embedding under the action of the reducive
group Autr(M) =: G and that x ∈ M is such that its isotropy group H in G is
the horospherical subgroup in G containing the unipotent radical of the opposite
Borel subgroup B−. We also denote P := NG(H). Using the decompositions in
the previous section, with noting g = ηRr (M) the Lie algebra of G, we have
g = a1 ⊕ a0 ⊕ Ja1 ⊕ Ja0 ⊕
⊕
α∈Φ+
P
gα ⊕
⊕
α∈ΦI
gα ⊕
⊕
α∈Φ−
P
gα.
In particular, the Lie algebra of the Lie group AutG(M) of the G-equivariant au-
tomorphisms of M is identified with the Lie algebra of P/H which corresponds
to the factor a1 ⊕ Ja1 in the previous decomposition. Note that, by definition of
AutG(M), this Lie algebra also identifies with the center z(g) of the g.
We fix a Riemanian metric g0 of Ka¨hler form ωg0 ∈ 2π c1(M) on M. By the
∂∂-lemma, there is a unique function h in C∞(M,R) such that
(14) Ric(ωg0)− ωg0 =
√−1∂∂h,
∫
M
ehωng0 =
∫
M
ωng0 .
In addition, if we fix a Hermitian metric m0 on K−1M such that ωm0 = ωg0 , then we
can define a volume dV on M given in a local trivialisation s of K−1M by
dV = |s|m0s−1 ∧ s−1 = e−ϕs−1 ∧ s−1,
where ϕ is the local potential with respect to the trivialization s. Up to a addi-
tive constant, h is the logarithm of the potential of dV compared to ωng0 , so we
renormalize to match them i.e. we get
(15) ehωng0 = dV.
Indeed, by writing locally in a trivialization open U the equality (14), we get that
∂∂
(
ln det(gij) + h
)
= ∂∂
(
ln det(ϕij) + h
)
= ∂∂ϕ,
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where ϕ is the local potential in this open set. This last equation can finally be
written globally
∂∂
(
ln eh
ωng0
dV
)
= 0.
We conclude by using the maximum principle.
3.1. Determination of the solitonic vector field. The first step in oder to prove
the existence of Ka¨hler-Ricci soliton is to determine the solitonic vector field. To
do this, we use the Futaki invariant. We have the following result (see proposition
2.1 in [TZ02]):
Proposition 3.1. There exists a unique complex holomorphic vector field X ∈ g1,0
with Im(X) ∈ k such that the Futaki invariant of X, noted FX : η(M) → C,
vanishes on g1,0. Moreover, X is equal to zero or belongs to the center of g1,0, and
we have
∀(u, v) ∈ g1,0 × η(M), FX([u, v]) = 0.
In particular FX(·) is a Lie character on g1,0.
By applying this theorem to the horospherical case, we obtain the following result
Proposition 3.2. The vector field X ∈ ηr(M) = g1,0 given by proposition 3.1 has
the following form:
X = ξ −√−1J ξ where ξ ∈ a1.
Proof. We are looking for X ∈ z(g1,0) such that ImX ∈ k. But z(g1,0) = (p/h)1,0 =
(a1 + Ja1)
1,0
and therefore k ∩ (a1 ⊕ Ja1) = Ja1, so there is a ξ ∈ a1 such that
X = ξ −√−1I ξ where ξ ∈ a1.

Let us now compute the Futaki invariant in the horospherical case. We recall
that we can write it in the form (see [TZ02])
∀Y ∈ η(M), FX(Y ) =
∫
M
θ˜Y e
θ˜X , ωng ,
where ωg is a Ka¨hler form belong to c1(M) and the map θ˜X ∈ C∞(M,C) satisfies
(16) iXωg =
√−1 ∂ θ˜X ,
∫
M
θ˜Xe
hgωng = 0.
Such a function exists for any X ∈ η(M) by Hodge theory. Using the Cartan
formula, we have
LXω =
√−1 ∂∂ θ˜X .
First, we use the K-invariance of the Ka¨hler form ωg to notice the following fact:
LXωg = Lξ−√−1Jξωg = Lξωg −
√−1LJξωg = Lξωg,
since ωg isK-invariant and Jξ ∈ k. So we just compute Lξωg. We have the following
propostion (Proposition 4.14 of [Del15] with a different convention, group action
acts on the left).
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Proposition 3.3. Let ζ ∈ a1. If we denote Y = ζ −
√−1Jζ ∈ a1,01 then the
function θY is K-invariant and
(17) ∀x ∈ a1, θ˜Y (exp(x)H) = (∇u(x), ζ),
where ∇u is the gradient of the convex potential u defined by equation (7) for the
scalar product (·, ·).
With this result, we can compute the Futaki invariant FX in order to prove the
following result.
Proposition 3.4. Let X = ξ −√−1Jξ be as in proposition 3.2. We have
(18) ∀ζ ∈ a1,
∫
∆+
〈p+ 2ρP , ζ〉e〈−2p−4ρp,ξ〉
∏
α∈Φ+
Q
(α, p) dp = 0.
Proof. We will compute FX(Y ) when Y = ζ−
√−1Jζ where ζ ∈ a1. We then have
FX(Y ) =
∫
M
θ˜Y e
θ˜Xωng =
∫
G/H
θ˜Y e
θ˜Xωng ,
since G/H is dense in M . We know that G/H is a fibration over G/P with fiber
P/H (see proposition 2.1). By K-invariance, by equations (17) and (9), we obtain,
by doing an integration along the fiber (see proposition 6.15 of [BT95] for example),
that there is a constant C > 0 independent of ξ and ζ such that,
FX(Y ) = C
∫
P/H
(∇u, ζ)e(∇u,ξ)
∏
α∈Φ+
P
〈α,∇u + 4tρP 〉MAR(u) s−1r ∧ sr−1.
By the polar decomposition (see proposition 2.2), we obtain that there are nonzero
constants C0, C1, C2, C3 independent of ξ and ζ such that
FX(Y ) = C0
∫
K
∫
a1
(∇u(x), ζ)e(∇u(x),ξ)
∏
α∈Φ+
P
〈α,∇u(x) + 4tρP 〉MAR(u)(x)dx
 dk
= C1
∫
x∈a1
(∇u(x), ζ)e(∇u(x),ξ)
∏
α∈Φ+
P
〈α,∇u(x) + 4tρP 〉MAR(u)(x) dx
= C2
∫
p′∈2∆
〈p′, ζ〉e〈p′,ξ〉
∏
α∈Φ+
P
(α, p′ + 4ρP ) dp
= C3
∫
p∈∆+
〈p+ 2ρP , ζ〉e〈−2p−4ρP ,ξ〉
∏
α∈Φ+
Q
(α, p) dp.
We obtain the penultimate equality by changing the variable p′ = dxu thanks to
propostion 2.8 and by using the duality in particular the equality 〈α, tρP 〉 = (α, ρP )
(see equation (1)). We use the change of variable p′ = −2p − 4ρP and equation
(10) in order to get the last equality. 
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3.2. Monge-Ampe`re equation in horospherical case. Let (X, g) be a Ka¨hler-
Ricci soliton i.e.
Ric(ωg)− ωg = LXωg.
By using the ∂∂-lemma, there is a unique function ψ ∈ C∞(M,R) modulo a additive
constante such that
ωg = ωg0 +
√−1∂∂ψ.
Noting (see for example [TZ02]) that θ˜X(g) = θ˜X(g
0) +X(φ). Solving the Ka¨hler-
Ricci soliton equation is equivalent to finding a smooth function ψ solution in local
coordinates of the following Monge-Ampe`re equation :
(19)
{
det(g0
ij
+ ψij) = det(g
0
ij
) exp(h− θ˜X(g0)−X(ψ)− ψ)
(g0
ij
+ ψij) > 0,
where h = hg0 is the only function belonging to C∞(M,R) satisfying
Ric(ω0g)− ω0g =
√−1 ∂∂h,
∫
M
ehωng0 =
∫
M
ωng0 ,
The equation (19) can also be written globally in the form of
(20)
{
(ωg0 +
√−1∂∂ψ)n = eh−ψ−θ˜X(g0)−X(ψ)ωng0 .
ωg0 +
√−1∂∂ψ > 0.
Now suppose that g0 is an K-invariant Ka¨hler metric on M . First of all, we
know (see the proposition 3.2) that the solitonic vector field X is written as X =
ξ − √−1Jξ with ξ ∈ a1. Since the form ω0g is K-invariant, we also want to find
a K-invariant solution ψ. Thanks to the density of G/H in M , we can reduce
our study to this homogeneous space. Moreover, per K-invariance, using the polar
decomposition and the equation (17), we can simply calculate this equation for
the values exp(x)H for x ∈ a1. By noting u and u0 the potentials defined by the
equation (7) for the metrics q and q0 on the line bundle K−1M where q and q
0 are
metrics such as ωq0 = ωg0 and ωq = ωg, we have, since the function ψ isK-invariant,
(21) ∀x ∈ a1, u(x) = u0(x) + ψ(exp(x)H).
Thus, the equation (19) is written on P/H , using the equation (17), in the form∏
α∈Φ+
P
〈α,∇u(x) + 4tρP 〉
MAR(u)(x)
4r 2Card(Φ
+
P
)
· Ω =
eh−ψ−(∇u(x),ξ)
∏
α∈Φ+
P
〈α,∇u0(x) + 4tρP 〉
MAR(u
0)(x)
4r 2Card(Φ
+
P
)
· Ω.
We can simplify this expression. To do this, we use the formulas (15) and (9) which
are written on P/H in the form
eh
∏
α∈Φ+
P
〈α,∇u0(x) + 4tρP 〉
MAR(u
0)(x)
4r 2Card(Φ
+
P
)
· Ω = e−u0 Ω.
and since u = u0 + ψ we get
(22) MAR(u)(x) ·
∏
α∈Φ+
P
〈α,∇u(x) + 4tρP 〉
4r 2Card(Φ
+
P
)
= e−u−(∇u(x),ξ).
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3.3. Continuity method. We now want to prove the existence of Ka¨hler-Ricci
solitons. To do this, we will use the continuity method. To begin, we introduce
into the Monge-Ampe`re equation a parameter t ∈ [0, 1]:
(23)
{
det(g0
ij
+ ψij) = det(g
0
ij
) exp(h− θ˜X −X(ψ)− tψ)
(g0
ij
+ ψij) > 0.
Note that the equation (19) is the previous equation with t =1. In addition, if
a solution exists at time t, we denote it by ψt. Since ωg0 +
√−1 ∂∂ ψt defines a
K-invariant ka¨hlerian metric, it has a convex potential ut defined by the equation
(7) for a metric qt on K
−1
M such that ωqt = ωgt . By making the same simplification
as before, the first equation of (23) can be written as
(24)
MAR(ut)(x) ·
∏
α∈Φ+
P
〈α,∇u(x) + 4tρP 〉
4r 2Card(Φ
+
P
)
= exp
[− (u0(x) + t u(x))− (∇u(x), ξ)] .
Finally, by denoting wt = t·ut+(1−t)·u0, we have ut = u0+ψt and wt = u0+tψt,
so we get the following real Monge-Ampe`re equation :
(25) MAR(ut)(x) ·
∏
α∈Φ+
P
〈α,∇ut(x) + 4tρP 〉
4r 2Card(Φ
+
P
)
= exp [−wt(x)− (∇ut(x), ξ)] .
Recall that the continuity method consists in considering the set S of times when
there is a solution:
S := {t ∈ [0, 1] : there is a solution ψt to the equation (23) at time t
}
,
and to show that S is a non-empty closed and open set of [0.1]. The openness and
the existence of a solution at t = 0 come from the study of the Monge-Ampe`re
equations made in [Aub78, Yau78]. You can also consult [TZ00] for a study done
in the case of the Ka¨hler-Ricci solitons. Moreover, thanks to the Arzela`-Ascoli
theorem, it is sufficient to have an a priori Ck-estimate for any k ≥ 3 for the
potential ψt to obtain the closeness (see for example section 3.1 of [Sze´14] for more
details). However, thanks to the work of Yau and Calabi done in Appendix A of
[Yau78], we can reduce this problem to finding an C0-estimate. In addition, by the
following Harnack inequality type ([TZ00, WZ04] for more details): − infM ψt ≤
C(1 + supM ψt), a uniform upper bound for ψt for times t ∈ [0, 1] is necessary.
3.4. Proof of the a priori estimate. The approach used in this section is based
on that of [WZ04]. We must prove an a priori estimate for t ∈ [0, 1]. Now, using the
fact that 0 ∈ S and S is open, we can reduce this to proving the a priori estimate
on [t0, 1] for t0 > 0. Such a t0 is fixed for the rest of the section. In addition, for
simplicity, we note r the real dimension of the vector space a1 and we choose a base
(a1, · · · , ar) of a1 with (x1, · · · , xr) the associated coordinates in a1. So we identify
a1 with R
r. We note ‖ · ‖ the usual Euclidean standard on Rr. We start with a
lemma that will be useful to later on.
Lemma 3.5. We have
∀ζ ∈ a1,
∫
a1
∂wt
∂ζ
e−wtdx = 0.
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Proof. It is sufficient by linearity to show:
∀i = 1, · · · , r,
∫
Rr
∂wt
∂xi
e−wtdx = 0.
We can write thanks to Fubini theorem:∫
Rr
∂wt
∂xi
e−wtdx = −
∫
Rr
∂e−wt
∂xi
dx =
∫
Rr−1
(∫ +∞
−∞
∂e−wt,i
∂xi
dxi
)
dx1 · · · d̂xi · · · dxn
=
∫
Rr−1
[
e−wt,i
]+∞
−∞ dx1 · · · d̂xi · · · dxn
where wt,i : s ∈ R 7→ wt(x1, · · · , xi−1, s, xi+1, · · · , xn) ∈ R and where the other
coordinates xk are fixed. To conclude, it is enough to show that
lim
s→±∞
e−wi,t(s) = 0.
To prove this, we notice that, by definition of the function wt and thanks to propo-
sition 2.8 applied to u0 and u, we have
e−wt(x) =
(
e−u
0
)1−t
· (e−u)t ≤ Ce−v2∆(x), ∀x ∈ Rrn
where C is an independent constant of x and v2∆ is the support function of 2∆ i.e.
v2∆(x) = supp∈2∆(x, p). So we have for any p ∈ 2∆
v2∆(x) ≥ (x, p) = xi(ai, p) +
∑
j=1,j 6=i
xj(aj , p) ≥ xi(ai, p) + inf
p∈2∆
 ∑
j=1,j 6=i
xj(aj , p)
 .
Finally, we get
∀p ∈ 2∆, 0 ≤ e−wt,i(s) ≤ C˜e−s(ai,p),
where C˜ is an independent constant of t. To conclude, it is enough to notice that,
thanks to the fact that 0 ∈ 2∆, there is a ball centered in 0 with a radius δ > 0
contained in 2∆ and therefore there is p1 ∈ 2∆ such that (ai, p1) > 0 and p2 ∈ 2∆
such that (ai, p2) < 0. 
Lemma 3.6. The function wt obtains its minimum mt at a point xt ∈ a1 .
Proof. The demonstration is based on the fact that a convex function on Rr that
admits a critical point admits a global minimum. To apply this result, we notice
that wt is a convex function because it is the barycenter of the convex functions u
and u0 (see the proposition 2.8). To conclude, it is therefore sufficient to show that
0 ∈ ∇wt(Rn). To this end, we note that
∇wt(a1) = t∇u(a1) + (1− t)∇u0(a1) = 2 t Int(∆) + 2 (1− t) Int(∆) = 2 Int(∆)
but we have 0 ∈ 2 Int(∆) (see equation(12)) 
Lemma 3.7. We have :
∃C > 0, ∀t ∈ [t0, 1],mt ≤ C.
Before starting the proof, we recall a result concerning convex domains that will
be useful to us.
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Lemma 3.8 ([Guz75]). Let Ω be a convex bounded domain of Rn. Then there is
a unique ellipsoid E, called the minimum ellipsoid of Ω, whose volume is minimal
among ellipsoids containing Ω. In addition, E satisfies
1
n
E ⊂ Ω ⊂ E.
Let T be an affine transformation where the vector part has determinant egal to
1, preserving the center x0 of E i.e. T (x) = Tvect(x − x0) + x0 for a matrix
Tvect ∈ GLn(R) and such that T (E) is a ball BR with center x0 for a certain R > 0
(depending on E). In particular, we have BR/n ⊂ T (Ω) ⊂ BR.
Proof. We define, for all k ∈ N
Ak := {x ∈ Rr / mt + k ≤ wt(x) ≤ mt + k + 1},
and we have the following elementary properties:
• the set Ak is bounded for k ≥ 0 and
⋃
k∈NAk = a1
• xt ∈ A0.
• ⋃ki=0Ai is convex for every k ≥ 0.
In addition, since ut and u
0 are convex, the matrices ((ut)ij)1≤i,j≤r and (u0ij)1≤i,j≤r
are positive and so we get (this is a direct consequence of Minkowski’s formula, see
for example page 115 of [MM92])
det((wt)ij) = det(t (ut)ij + (1 − t)u0ij) ≥ det((ut)ij) + det((1 − t)u0ij).
Since det((1− t)u0ij) ≥ 0, we get, using equation (25),
det((wt)ij) ≥ det(t(ut)ij) = tr det((ut)ij) = e
−wt(x)−(∇ut(x),ξ)∏
α∈Φ+
P
〈α,∇ut(x) + 4tρP 〉
(
4r2Card(Φ
+
P
)
)
≥ tr 4
r2Card(Φ
+
P
)
d′
ed e−wt
where
d = inf
{
(p, ξ) / p ∈ −2∆+ − 4ρP
} ∈ R
and, thanks to the equation (13),
0 < d′ = sup
p∈−2∆+
 ∏
α∈Φ+
P
〈α, p〉
 < +∞.
Let T and R be as in lemma 3.8 for Ω = A0 so that
(26) BR/r ⊂ T (A0) ⊂ BR.
and so
(27) det((wt)ij) ≥ C0e−mt dans T (A0).
We want to prove
(28) R ≤
√
2rC
−1/2r
0 e
mt/2r.
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Indeed, we define
v : y ∈ a1 7−→
1
2
C
1/r
0 e
−mt/r
‖y − yt‖2 −(R
r
)2+mt + 1 ∈ R
where yt is the center of the minimal ellipsoid of A0. A direct computation gives
det(vij) = C0e
−mt in T (A0), and, by using equation (27), we get det(vij) ≤
det((wt)ij) in T (A0) , and v(y) ≥ mt + 1 ≥ wt(y) sur ∂T (A0). We then apply
the principle of comparison for the real Monge-Ampe`re equations (see for example
[Gut01]) and we obtain v ≥ w sur T (A0). In particular, we get
mt ≤ v(yt) = −
1
2
C
1/r
0 e
−mt/r
(
R
r
)2
+mt + 1.
Now, thanks to the convexity of w, we get
Ak ⊂
k⋃
i=0
Ak ⊂ (k + 1) · A0,
where (k + 1) · A0 is the dilation of A0 of factor (k + 1). Moreover, thanks to the
equation (26) and the fact that wt is convex, we obtain
T (Ak) ⊂ T (((k + 1) ·A0)) ⊂ (k + 1) · T (A0) = B(k+1)R.
Now, if we note ωr the volume of the unit ball of R
r then, using the equality wt ≥
mt+k on Ak, the fact that T preserves the formula, the equality T (Ak) ⊂ B(k+1)R)
and the equation (28), we get∫
a1
e−wt ≤
∑
k
∫
Ak
e−wt ≤
∑
k
e−mt−k Vol(Ak) =
∑
k
e−mt−k Vol(T (Ak))
≤ ωr
∑
k
e−mt−k ((k + 1)R)r = ωr
(R)r
emt
∑
k
(k + 1)r
ek
≤ C1e−mt/2,
where C1 > 0 is a time-independent constant. Finally, we get
e−mt/2 ≥ 1
C1
∫
a1
e−wt .
In addition, thanks to the equation (25) and the computation performed at the end
of the demonstration of the proposition 3.4, we have
e−mt/2 ≥ 1
C1
∫
a1
MAR(ut)e
(∇ut(x),ξ)
∏
α∈Φ+
P
〈α,∇ut(x) + 4tρP 〉
4r 2Card(Φ
+
P
)
dx
=
1
C1
∫
∆+
e〈−2p−4ρP ,ξ〉
∏
α∈Φ+
Q
(α, p)
4r 2Card(Φ
+
P
)
dp =:
C2
C1
where C2 is independent of the time t and strictly positive since ∆
+ has non-
empty interior. Finally, we obtain a constant C > 0 independent of t such that
mt ≤ C. 
Lemma 3.9. We have
∃C˜ > 0, ∀t ∈ [t0, 1], mt ≥ C˜.
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Proof. Here, the proof is not based on [WZ04] but on [Don08] also used in propo-
sition 6.19 of [Del15]. First of all, recall that ‖∇wt‖ ≤ d0 := sup{‖x‖ : x ∈ 2∆}.
Thus, by the mean value theorem, we have
∀x ∈ a1, |wt(x) −mt| ≤ d0 ‖x− xt‖.
Hence, for all x ∈ B(xt, 1d0 ), we get
|wt(x)−mt| ≤ 1,
so that x ∈ A0 and
B
(
xt,
1
d0
)
⊂ A0.
And we get
(29)
∫
A0
dx = Vol(A0) ≥
∫
B
(
xt, 1
d0
) dx = Vol(B
(
xt,
1
d0
)
) = c,
where c is time independent since Vol(B(xt, 1d0 ) = Vol(B(0,
1
d0
). Recall, thanks to
the previous computation, that there is a time independent constant C2 such that
C2 =
∫
a1
e−wtdx.
We get therefore
C2 =
∫
a1
e−wtdx =
∫
a1
∫ +∞
wt(x)
e−sdsdx =
∫ +∞
−∞
e−s
(∫
a1
1{wt≤s}dx
)
ds
=
∫ +∞
−mt
e−sVol({wt ≤ s})ds = e−mt
∫ +∞
0
e−sVol({wt ≤ s})ds
≥ e−mt
∫ +∞
1
e−sVol(A0) ds.
Hence, by using the equation (29), we get
C2 ≥ e−mt c
∫ +∞
1
e−sds,
and
ln(C2) ≥ −mt + ln
(
c
∫ +∞
1
e−sds
)
.

Lemma 3.10. Let xt = (xt1, · · · , xtn) be the point where wt. obtains its minimum.
There exists a constant C independant of time t such that
‖xt‖ ≤ C′.
Proof. For a contradiction, assume that
∀C′ > 0, ∃t ∈ [t0, 1], ψt is defined and ‖xt‖ > C′.
For future use, it should be noted that this implies in particular that ‖xt‖ 6= 0.
Recall that thanks to the previous computation, we have∫
a1
e−wtdx = C2 > 0.
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Recal also that ‖∇wt‖ ≤ d0 := sup{‖x‖ : x ∈ 2∆} if there is a radius R′ > 0
independent of t such that inf{wt(x) : x ∈ ∂B(xt, R′)} ≥ mt + 1. Now, by
convexity, we have
∀x ∈ a1 \B(xt, R′), wt(x) ≥
1
R′
‖x− xt‖+mt.
Hence for all ε > 0, there is δ ≥ R′ independent of t such that, by lemma 3.9,
(30)
∫
a1\B(xt,δ)
e−wt(x)dx ≤ e−C˜
∫
a1\B(xt,δ)
e−
1
R′
‖x−xt‖dx ≤ ε.
We fix ε and δ which satisfies the above property. We will use an argument from
[Del16] (used in particular in this theorem 6.30) rather than the original argument
of [WZ04]. Since u0 is a convex function asymptote to function v2∆ and ∇u0 is a
diffeomorphism of a1 in Int(2∆) and 0 ∈ Int(2∆)( see proposition 2.4), by inequality
of convexity, we obtain that
∀x ∈ B(xt, δ), ∂u
0
∂ζ
(x) ≥ 1
2
a0,
where ζ = xt/‖xt‖ and a0 = inf{|v2∆(ξ)| : ξ ∈ a, ‖ξ‖ = 1} >0. We obtain, thanks
to the equation (30) and reducing ǫ in the last inequality if necessary,∫
B(xt,δ)
∂u0
∂ζ
(x)e−wtdx ≥ 1
2
a0
∫
B(xt,δ)
e−wt dx ≥ 1
2
a0
(∫
a1
e−wt dx−
∫
a1\B(xt,δ)
ewt(x) dx
)
≥ 1
2
a0
(∫
a1
e−wt(x) dx− ε
)
≥ 1
4
a0C2.
so for ε small enough,
(31)
∫
a1
∂u0
∂ζ
(x)e−wtdx > 0.
Now, we will prove that for all ζ ∈ a1, we have
(32)
∫
a1
∂u0
∂ζ
e−wtdx = 0.
Indeed, the proposition 3.4 and this proof give a constant C > 0 such that
0 =
∫
a1
(∇ut(x), ζ)e−(∇ut(x),ξ)
∏
α∈Φ+
P
〈α,∇ut(x) + 4tρP 〉MAR(ut)(x)dx
= C′0
∫
a1
(∇ut(x), ζ)e−wt(x)dx = C′0
∫
a1
∂ut
∂ζ
(x)e−wt(x)dx
= C′0
1− t
t
∫
a1
∂u0
∂ζ
(x)e−wt(x)dx − C′0
1
t
∫
a1
∂wt
∂ζ
(x)e−wt(x)dx
= C′0
1− t
t
∫
a1
∂u0
∂ζ
(x)e−wt(x)dx.
So we get
∀ζ ∈ a1,
∫
a1
∂u0
∂ζ
(x)e−wt(x)dx = 0.
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This prove equation (32), which contradicts the equation (31). This concludes the
proof. 
The proof of the a priori estimate is by concluded with the following lemma.
Lemma 3.11. Let ψt be a solution of equation (23) where t ∈ [t0, 1]. We have
sup
M
ψt ≤ C′′,
for a constant C′′ independent of t.
Proof. By density and K-invariance, it is sufficient to prove that
sup
y∈a1
ψt(exp(y)H) ≤ C′′.
By convexity of ut, we have
∀y ∈ a1, ut(0) + (∇ut(y), y) ≥ ut(y).
By definition of v2∆ and since ∇ut(a1) = 2 Int(∆) by proposition 2.4, we have
v2∆(y) + ut(0) ≥ ut(y).
Now, we have, thanks to (21) and because v2∆ − u0 is bounded,
ψt(exp(y)H) = ut(y)− u0(y) ≤ v2∆(y) + ut(0)− u0(y) ≤ a+ ut(0).
So it is sufficient to prove that ut(0) has upper bound independent of t.
As ∇wt(a1) = Int(2∆) which is a bounded polytope, we have |∇wt(a1)| ≤ d0 :=
sup{‖x‖ : x ∈ 2∆}, and so |wt(0) − wt(xt)| ≤ d0‖xt‖. Moreover, thanks to
the lemma 3.10, we get C′ > 0 independant of t such that ‖xt‖ ≤ C′ and so
|wt(0) − wt(xt)| ≤ d0C′. By the lemma 3.7, we get wt(xt) = mt ≤ C where C is a
constant independant of t. So, we get wt(0) ≤ C + d0C. But wt = tut + (1 − t)u0
so tut(0) ≤ C + d0C′ − (1− t)u0(0). Finally, as t ∈ [t0, 1], we get ut(0) ≤ Θ, where
Θ is a constant independant of t. 
4. Ka¨hler Einstein metric in the horospherical case
In this section, we study under which necessary and sufficient conditions the
Ka¨hler-Ricci soliton (X, g) is trivial i.e. X = 0 and therefore when g is a Ka¨hler-
Einstein metric. This part is based on [Del15].
4.1. Condition of existence. We have just proved that any Fano horospheri-
cal manifold admits a Ka¨hler-Ricci soliton. This result can be completed by the
following corollary.
Corollary 4.1. Suppose that M is a horospherical embedding of a homogeneous
horospherical space G/H such that H contains the opposite Borel subgroup B− of
G. Denote ∆+ the moment polytope of X associated with the Borel subgroup B.
Then M admits a Ka¨hler-Einstein metric if and only if
Bar(∆+)DH = −2ρP ,
where P := NG(H) and BarDH(∆
+) is the barycenter of the polytope ∆+ for the
Duistermaat-Heckman measure.
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Proof. We know that there is a soliton (X, g). By the uniqueness of Ka¨hler-Ricci
soliton, it is therefore necessary and sufficient to prove that X = 0 if and only if
Bar(∆+)DH = −2ρP . In particular, thanks to the theoretical results concerning
the Futaki invariant, it is therefore necessary to prove that F0 is identically zero if
and only if Bar(∆+)DH = −2ρP . Recall that F0 is written for χ ∈ g1,0 (such that
its real part is identified with the vector field defined by x 7→ ddt t=0 exp(tRe(χ))x):
F0(χ) =
∫
M
θ˜χ ω
n
g .
where
(33) Lχωg =
√−1 ∂∂ θ˜χ,
∫
M
θ˜χe
hgωng = 0,
and where the function hg ∈ C∞(M,R) (defined modulo a additive constant) satis-
fies
Ric(ωg)− ωg =
√−1∂∂hg.
Moreover, we know that we restrict our study on p/h ≃ z(g). We then obtain,
thanks to the equation (18), for every ζ ∈ a1 :
F0(ζ) = M˜
∫
∆+
〈p+ 2ρP , ζ〉
∏
α∈Φ+
Q
(α, p) dp,
where M˜ is an constant independent of ζ. We have that g is therefore a Ka¨hler-
Einstein metric if and only if
∀ζ ∈ a1,
∫
∆+
〈p+ 2ρP , ζ〉
∏
α∈Φ+
Q
(α, p) dp = 0.
This equation can be written in the form
〈BarDH(∆+) + 2ρP , ζ〉 = 0.
So g is a Ka¨hler-Einstein metric if and only if
BarDH(∆
+) = −2ρP .

4.2. Monge-Ampe`re Equation and greatest Ricci lower bound. We keep
the notations introduced in the part 3. To prove the existence of Ka¨hler-Einstein
metrics via the continuity method, it is sufficient to take X = 0 in the equation
(23) and ξ = 0 in the equation (25). We get the following complex Monge-Ampe`re
equation :
(34)
{
det(g0
ij
+ ψij) = det(g
0
ij
) exp(h− tψ)
(g0
ij
+ ψij) > 0
ans so the real Monge-Ampe`re equation :
(35) MAR(ut)(x) ·
∏
α∈Φ+
P
〈α,∇ut(x) + 4tρP 〉 = exp [−wt(x)] ,
where wt = t ut + (1− t)u0 (recall that u0 is the potential defined by the equation
(7) for the reference metric g0). Since this definition is unchanged, the lemmas
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demonstrations 3.5, 3.6, 3.7 and 3.11 may apply to this case. In particular, we
therefore obtain the following proposition.
Proposition 4.2. There is a solution to time t0 > 0 to the equation (34) if there
is a constant C > 0 independent of time t such that
sup
t∈[0,t0[
|xt| < C,
where xt is the point where the minimum of the wt function is achieved.
With this result, we obtain the following caracterisation of the greatest Ricci
lower bound
Corollary 4.3. The greatest Ricci lower bound is equal to
R(M) = sup
{
t0 ∈ [0.1] : ∃C > 0, ∀t < t0, |xt| < C
}
.
4.3. Computation of the greatest Ricci lower bound. We will compute R(M)
in the horospherical case based on the work of [Del15]. Before we begin, let’s note
that, thanks to the equation (35),
(36)
∫
a1
e−wt(x)dx = V,
where V is the volume of ∆+ for Duistermaat-Heckman measure.
Theorem 4.4. Suppose that M is a horospherical embedding of a homogeneous
horospherical space G/H such that H contains the opposite Borel subgroup B− of
G. Note P = NG(H) and ∆
+ the moment polytope of X with respect to the Borel
subgroup B. In addition, it is assumed that 2ρP 6= BarDH(∆+) where BarDH(∆+)
is the barycentre of the polytope ∆+ for the Duistermaat-Heckman measurement.
We then have that R(M) is the only t ∈∈ ]0.1[ such that
t
t− 1(BarDH(∆
+) + 2ρP ) ∈ ∂
(
∆+ + 2ρP
)
.
Proof. Recall that we have ∫
a1
e−wtdx = V.
Recall also that ‖∇wt‖ ≤ d := sup{‖x‖ : x ∈ 2∆+} so there is a radius R′ > 0
independent of t such that inf{wt(x) : x ∈ ∂B(xt, R)} ≥ mt+1. Now, by convexity
of wt, we have
∀x ∈ a1 \B(xt, R′), wt(x) ≥
1
R
‖x− xt‖+mt.
So, for all ε > 0, there is δ := δε ≥ R′ independent of t such that
(37)
∫
a1\B(xt,δ)
e−wt(x)dx ≤ e−C˜
∫
a1\B(xt,δ)
e−
1
R′
‖x−xt‖dx ≤ ε.
Denote t∞ = R(M) which is stricly lower of 1 since M does not admits Ka¨hler-
Einstein metrics. Let’s start by noting that
lim
t→t∞
‖xt‖ = +∞.
Indeed, if ‖xt‖ admits an adherence value then the equation (23) admits a solution
in t = t∞ and since all the set of solutions is open, there is a δ > 0 such that there
is a solution in t = t∞ + δ. This contradicts the maximum of R(M) = t∞. In
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addition, by posing for any t ∈ [0, t∞], ξt := xt|xt| , we can find a sequence of (ti)i∈N
of [0, t∞] such that [0, ti → t∞ and ξt∞ ∈ a1 verifying
lim
i→∞
ξti = ξt∞ .
Let’s start by noting that for all t ∈ [0, t∞], we have∫
a1
(∇ut, ξt)e−wtdx =
∫
a1
(∇ut, ξt)MAR(ut) ·
∏
α∈Φ+
P
〈α,∇ut + 4ρP 〉dx
=
∫
2∆
〈p, ξt〉 ·
∏
α∈Φ+
P
(α, p+ 4ρP ) dp
=
∫
∆+
−〈p+ 2ρP , ξt〉 ·
∏
α∈Φ+
Q
(α, p) dp
= −〈BarDH(∆+) + 2ρP , ξt〉V.
We get, by passing to the limit,
(38) lim
i→+∞
∫
a1
(∇uti , ξti)e−wtidx = −〈BarDH(∆+) + 2ρP , ξt∞〉V.
Recall that we defined the support function v2∆ by the equation (11). With this
definition, we want to show that
(39) lim
i→+∞
∫
a1
(∇u0, ξti)e−wti = v2∆(ξt∞)V.
We fix ε > 0. We define θ := ε/6d where d := supx∈2∆ ‖x‖ and we have, by the
formula (37) with δ = δθ, that∫
a1\B(xt,δ)
e−wtdx ≤ θ.
So we get∣∣∣ ∫
a1\B(xt,δ)
(∇u0, ξt) ewtdx
∣∣∣ ≤ ∫
a1\B(xt,δ)
|(∇u0, ξt)| e−wtdx ≤ d
∫
a1\B(xt,δ)
e−wtdx ≤ dθ.
That implies, by definition of θ :
(40)
∣∣∣ ∫
a1\B(xt,δ)
(∇u0, ξt) e−wtdx
∣∣∣ ≤ ε/6.
Moreover, since ∇u0(a1) = Int(2∆)(proposition 2.8), we have
∀x ∈ B(xt, δ), (∇u0, ξt) ≤ v2∆.(ξt).
Since u0 is a convex function, we have
(∇u0, ξt) ≥ u
0(x) − u0(x− xt)
‖xt‖ .
For all x ∈ B(xt, δ), we have x − xt ∈ B(0, δ) so there is a constant C0 ∈ R
independent of t such that
∀x ∈ B(xt, δ), u0(x− xt) ≥ C0.
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Moreover, we have (proposition (2.8)) the existence of a constant C1 > 0 time
independent such that
∀x ∈ a1, −C1 < u0(x)− v2∆(x) < C1.
So by denoting C = −C0 − C1, we get
∀x ∈ B(xt, δ), (∇u0(x), ξt) ≥ C + v2∆‖xt‖ .
Now we get, for all x ∈ B(xt, δ),
(∇u0(x), ξt) ≥ v2∆(ξt)− v2∆
(
−x− x
t
‖xt‖
)
+
C
‖xt‖
≥ v2∆(ξt)−
‖x− xt‖
‖xt‖ v2∆
(
xt − x
‖xt − x‖
)
+
C
‖xt‖
≥ v2∆(ξt) + C‖xt‖ −
δ
‖xt‖ inf‖y‖=1 v2∆(y).
There is a constant C′ > 0 inde´pendent of t such that
C′
‖xt‖ ≤ (∇u
0(x), ξt)− v2∆(ξt) ≤ 0.
In particular, since ‖xt‖ tends to infinity when t→ t∞, we get
∃i0 ∈ N, ∀i ≥ i0, |(∇u0(x), ξt)− v2∆(ξti)| ≤ ε/3V,
and so
(41)
∣∣ ∫
B(xt,δ)
(∇u0(x) − v2∆(ξt)) e−wt(x)dx∣∣ ≤ ε/3.
by using the equation (37) with δ = δθ, we get
∣∣∣v2∆(ξt)V − ∫
B(xt,δ)
v2∆(ξt) e
−wt(x)dx
∣∣∣ = ∣∣∣ ∫
a1
v2∆(ξt) e
−wt(x)dx−
∫
B(xt,δ)
v2∆(ξt) e
−wt(x)dx
∣∣∣
=
∣∣∣ ∫
a1\B(xt,δ)
v2∆(ξt) e
−wt(x)dx
∣∣∣ ≤ dθ.
So we get
(42)
∣∣v2∆(ξt)V − ∫
B(xt,δ)
v2∆(ξt) e
−wt(x)dx
∣∣ ≤ ε/6.
Moreover, by continuity of v2∆,
(43) ∃i1 ∈ N, ∀i > i1, |v2∆(ξti)V − v2∆(ξt0)V | ≤ ε/3.
We can conclude, thanks to (40), (41), (42), (43), that:
∀i ≥ max(i0, i1),
∣∣∣ ∫
a
(∇u0(x), ξti )e−wti (x)dx− v2∆(ξ∞)V
∣∣∣ ≤ ε.
So we get the formula (39).
Now, thanks to the equation 3.5, we get
0 =
∫
a1
(∇wt(x), ξt) e−wt(x)dx = t
∫
a1
(∇ut, ξt) e−wtdx+(1−t)
∫
a1
(∇u0, ξt) e−wt(x)dx.
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So, by passing to the limit, we get
−t∞ 〈BarDH(∆+) + 2ρP , ξt∞〉+ (1− t∞) v2∆(ξt∞) = 0,
and so
(44) − t∞
t∞ − 1〈BarDH(2∆
+) + 2ρP , ξt∞〉 = v2∆(ξ∞).
To conclude, we study the function
f : t ∈ [0, 1[ 7→ − t
t− 1
(
Bar(2∆+)
)
+ 2ρP ∈ a∗1.
Note that f(0) = 0 ∈ a∗1. Now we know that 0 ∈ 2 Int(∆) so f(0) ∈ Int(∆).
Thus, since the function t/(t − 1) is a strictly decreasing function on [0, 1[ with
values in ] − ∞, 0], the values of f run the half line of origin 0 and direction
−(BarDH(2∆+) + 2ρP ). Thanks to the equation (44), we obtain that f(t∞) is a
vector such that 〈f(t∞), ξt∞〉 = v2∆(ξt∞), this means that f(t∞) belongs to the
support hyperplane defined by ξt∞ . So t∞ is the only time t ∈ [0, 1[ such that
− t
t− 1
(
BarDH(2∆
+) + 2ρP
) ∈ ∂ (2∆) .
By using the equation (10), we can rewritte the last equation in the form
t
t− 1
(
BarDH(∆
+) + 2ρP
) ∈ ∂ (∆+ + 2ρP ) .

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